The Perk-Schultz model (anisotropic t-J model) with staggered disposition of the anisotropy parameter along a chain is considered and the corresponding ladder type integrable model is constructed. This is a generalization to spin-1 case of the staggered XXZ spin-1/2 model considered earlier. The corresponding Hamiltonian is calculated and, since it contains next to nearest neighbor interaction terms, can be written in a zig-zag form. The Algebraic Bethe Ansatz technique is applied and the eigenstates, along with eigenvalues of the transfer matrix of the model are found.
Introduction
In recent articles [3, 4] the authors have proposed a construction of some integrable chain models with Z 2 grading of the states along the chain, as well as along the time directions. Hence, a way of constructing an integrable models with staggered inhomogeneity was proposed, motivated by the problems of three dimensional Ising model [6] and the Hall effect [7] . The inhomogeneous anisotropic XXZ Heisenberg chain with staggered anisotropy parameter ±∆ was constructed in [3] , while the isotropic t − J model was considered in [4] .
The XXZ and t − J models with only inhomogeneous shift of the spectral parameter was previously considered in a chain of articles [8, 9, 10, 11] , but these authors have not analyzed the possibility of the inhomogeneity of the anisotropy parameter ∆ (or other model parameters). As a result they have the same intertwining R-matrix as for ordinary homogeneous integrable XXZ and t − J models correspondingly and, therefore, the same quantum group structure behind. Contrary to this, in the construction presented in the articles [3] and [5] the integrable inhomogeneity appeared not only in shifts of the spectral parameter, but also in some structural changes. As a result we got modified Yang-Baxter equations (YBE), leading to a quantum group algebraic structure different from the usual sl q (2) [5] .
As it is shown in the mentioned above articles, due to periodic shift of the spectral parameters the Hamiltonians of all this models contain at most next to nearest neighbor (NNN) interaction terms and therefore can be represented as integrable two leg ladder (zig-zag) models. The interaction between the legs of the ladder is represented in the Hamiltonian by a topological type terms written as the product of three neighbor spins and the anisotropic antisymmetric tensor aŝ
As it was shown in [7] , the model of free fermions hopping with inhomogeneous parameters, in a case when the rotational invariance is preserved, determines a Peierls type mechanism of mass generation, which is based on the breaking of the translational invariance for the translations of one lattice spacing. Perhaps the above mentioned 3-spin interaction terms are responsible for a gaped phase of the system, as it is discussed in the articles [12] in connection with high temperature superconductivity problems.
In this article, by use of the solution of the staggered YBE for the general Sl q (n) quantum group presented in [5] , we pass from spin-1/2 XXZ model to spin-1 case and consider the Perk-Schultz model [13, 14, 15] (or anisotropic t − J model) with staggered sign of the anisotropy parameter.
In Section 2 we present the solution of the staggered Y BE for the Sl q (1, 2) case and calculate the Hamiltonian of the model in a ladder form.
In Section 3 we apply the technique of the Algebraic Bethe Ansatz (ABA) [1, 2] and find the eigenvalues and eigenstates of our Hamiltonian. The Bethe equations (BE) for the allowed values of the spectral parameters (momentums) are written down here.
2 The Yang-Baxter Equations, their solution and the Hamiltonian of the Model
In this Section we follow the technique developed in the articles [3, 4] . We modify the spin-1 model of Perk and Schultz [13, 14, 15] , which can be regarded as anisotropic supersymmetric t − J model, in order to construct an integrable model with staggered disposition of the sign of the anisotropy parameter ∆.
The principal ingredient of integrable models via Bethe Ansatz technique is the Rmatrix. The R aj -matrix acts as an intertwining operator on the direct product of the auxiliary V a (v) and quantum V j (u) spaces
For the Perk-Schultz model the quantum and auxiliary spaces are three dimensional and corresponding R-matrix can be defined by the following formula
where we have introduced a new multiplicative spectral parameter z = e iu . The parameter q defines the anisotropy of the model and, as it is shown in [15] , the so called constant R-matrix R q is equal to
with λ = q − q −1 . It is very convenient for this model to consider its fermionized version by use of the technique developed in the article [16, 17] . Let us introduce two Fermi fields c i,σ , c + i,σ with spin up and down states σ =↑, ↓ at each site i of the chain and three basic vectors of the corresponding spaces V i as follows
numerated as | 1 , | 2 , | 3 respectively. Therefore we have Z 2 graded quantum V j (u) and auxiliary V a (v) spaces with the following parities
Consider now Hubbard operators X
=| j 2 j 1 |, with | a , | j defined as in formulas (5) and
where n σ = c + σ c σ is the particle number operator. The demand that the trace of this operator acts on auxiliary and quantum spaces as the identity operator means that the double occupancy of the sites by fermions is excluded
Now we can write down the formula connecting the fermionic R aj -operator of the PerkSchultz model with the R aj -matrix defined by the expression (4)
It is straightforward to check that this fermionic R-operator satisfies the YBE in the operator form [17] .
Having the R-matrix of the integrable model we should construct the monodromy matrix (operator), which is usually a homogeneous product of the R-matrices along the chain. But now let us instead consider two different monodromy matrices (operators) M 0 (u) and M 1 (u) defined by staggered inhomogeneous product of the R-operators
Here the operations ι 1 and ι 2 transform the R-operator of the Perk-Schultz model to R ι 1 (u), R ι 2 (u) with the property ι 2 1 = ι 2 2 = 1. These operations will be defined below. The full monodromy operator M(u) of the model is defined as a product of these two monodromy operators
while the transfer matrix is the trace of M(u) on auxiliary spaces 0 and0
It is known that the Yang-Baxter equations (YBE) insure the commutativity of the transfer matrices τ (u) and τ (v) for different values of the spectral parameters u = v. As it was shown in the article [3] for our inhomogeneous case we will need two sets of Y BE defined asŘ
whereŘ ij = P ij R ij is the R-matrix in the braid formalism and P ij is the permutation operator.
In order to have a integrable model this Y BE-s should have a solution of the equations (13, 14) for some nontrivial ι 1 and ι 2 operations. The solution of the first set of equations can be found in the article [5] by extending Sl q (1, 2) case from the Sl q (3) solutions. It iš
and the bar operation is a multiplicative shift of the multiplicative spectral parameter
then easy to see that second set of YBEs will coincide with the first set of Y BE-s. Therefore we have found an integrable inhomogeneous model and our aim now is to write down the expression for the Hamiltonian. But in order to have a local Hamiltonian it is necessary to have a point u 0 , wherě
withÎ ij being an identity operator. From the form ofŘ-matrix (15) one can easily see that the value u 0 = 0 (or z 0 = e iu 0 = 1) is just the needed one. Let us notice that thoughŘ ij (u)| u=0 =Î ij , we havě R ij (ū)| u=0 =Î ij . Because of this, and as future calculations will show, the Hamiltonian of our model contains, together with nearest-neighbour interaction terms, also next-to nearest-neighbor interaction terms. So being provided by such value, our Hamiltonian is defined as logarithmic derivative of the transfer matrix at that point
For the calculation of this logarithmic derivative we need the following linear expressions of the operatorsŘ(z),
and we also have thatŘ
with θ = −i log h, as an additive shift of the spectral parameter. The next step consists in inserting expressions(20) in expressions (11) and (10) of the monodromy matrix (in the braid formalism)
and to extract the linear in u terms from the product. Finally we obtain
where H diag is defined by some conserved diagonal type terms which depend on the particle numbers and where the functions f a (q, z), a = 1, ..6 are
Tensorǫ j−1,j,j+1 (z) is antisymmetric in second and third indices and defined as followŝ
3 ABA solution of the model
The ABA solution for the homogeneous Perk-Schultz model was carried out in [14] and in a chain of articles [18] for a model with open boundaries. In this section we will use the technique of Algebraic Bethe Ansatz ([1]- [2] ) in order to find the eigenstates and eigenvalues of the Hamiltonian (23) for staggered inhomogeneity.
At the beginning we need the definition of the L-operator
which is a 3 × 3 matrix in a horizontal auxiliary space, with the matrix elements acting in quantum space. It has the following expression
The matrix elements of the monodromy operator (11) between auxiliary states | k ′ and k | can be expressed as a product of L ij matrices
which in matrix form looks like
where A s,ab , B s,a , C s,a , D s ; (a, b = 1, 2) are operators in the the quantum space. The graded property of the model is the origin of the following form of the transfer matrix (12) τ
(30) Now we would like to take the empty fermionic state
as a "test" vacuum and let us demonstrate that the "vacuum" | Ω is indeed eigenstate of the transfer matrix (30)
The action of L 0k (z) and L ι 2 0k (z) on the k-th empty state | 0 k is easy to calculate
and as we see it has an upper-triangular form. Because the upper triangular matrices form a semigroup the action of the monodromy matrix M 0 (z) k k ′ on | Ω 0 also have an upper-triangular form directly following from the expression (28)
Following the definitions (16-17) of the ι 1 and ι 2 operations one can easily find the actions of L
and correspondingly the action of
Now we see that | Ω is the eigenstate of τ (u) with the eigenvalue ν (0) (z)
which follows from the expressions (12), (30), (32), (35). Simultaneously we see, that the B s,1 (z) and B s,2 (z) (s = 0, 1) operators are creation operators, while the operators C s (z) acts on | Ω as the annihilation operators. This motivates us to consider the states
as n-particle eigenstates of the transfer matrix τ (u). F an...a 1 is a function of the spectral parameters v j , which should be found later.
In order to proceed further we need to rewrite the YBEs (13) and (14) in terms of the matrix elements of the monodromy matrix
For our purpose, the interesting components of the equations (40) are the following commutation relations between the operators A bc (u) and D(u) with the B c (v)
where we have defined
, f or a = 1,
, f or a = 2 (47) and
Here we have used the notation
. The first terms in the commutation relations (41)-(44) are so called "wanted" terms. As we will see they are contributing to the eigenvalues of the transfer matrix τ s (u), s = 0, 1.
The second terms in the (41)-(44) are so called "unwanted" terms and their contribution should be canceled in order to have an eigenstate.
Using (41)- (46) we can represent the action of the diagonal elements of the monodromy matrix as follows
and
where
In the equations (49) and (50) the first terms appeared due to the "wanted" terms of the commutation relations (41)-(44) while the second terms result from the "unwanted" terms. The expression (51) for τ As it follows from the equations (49), (50) and (30), in order | v 1 , ..., v n | F to be an eigenstate of τ s (u)
we should demand i) the cancellation of the unwanted terms
and ii) F should be an eigenvector of the small (nested) transfer matrix τ (1) (u)
Once this conditions are fulfilled, the expressions for the eigenvalues of τ s (u) become
Therefore, as it is obvious from the preceding analysis, in order to know exactly the eigenvalue we need to solve an other eigenvalue-eigenstate problem (55) for the transfer matrix τ (1) with the reduced amount of degrees of freedom. That is why the all procedure is called Nested Bethe Ansatz (NBA).
In the article [19] the computation of the quantitiesΛ k and Λ k for the ordinary t − J model was demonstrated and the condition of cancellation of the unwanted terms was reduced to some equations, which are defining the first set of Bethe equations. It is not necessary to repeat this calculations here, but let us mention the main difference, namely
| Ω ,
which leads to the condition
The next step of NABA is the diagonalization of the small transfer matrix τ (1) (u) for a chain of length n in order for F to become an eigenvector of it. Following the ABA technique we write the Y BĚ
where M
(1) a ′ a is a monodromy matrix for the "nested" problem, anď r
is the r-matrix from (48) in a braid formalism. Let us now take
and the corresponding trace
From the formulas (60) one can choose following algebraic relations
which are the Y BE for the XXZ model with staggered inhomogeneity, defined in the article [3] . The first (second) term in the expression (64) called "wanted" (correspondingly "unwanted") term. Let us take | 0
as a reference state. In order to find the action of nested monodromy matrix M (1) (u) on the reference state one should act by l k (u) from (52) on | 0
k . After simple calculations we obtain
Now let us make the following Ansatz for the eigenstates of τ (1) (u)
By use of (64) the actions of A (1) (u) and D (1) (u) on the states (67) is given by
The first terms in this expressions are the "wanted" terms, while the second terms (with Λ 
i ) z(u, v 
i ) z(u, v
1 , . . . , v
m .
Setting now u = v k in (69) and comparing it with the condition (59) we obtain the first set of Bethe equations
The equations which are obtained from the cancellation of the unwanted terms Λ 
are the second set of Bethe equations.
Finally we obtain the eigenvalues of τ 1 (u) and τ 0 (u) from (56) and (57) as ν 1 (u; {v}; {v (1) }) = (−1)
and ν 0 (u; {v}; {v (1) }) = ν 1 (ū; {v}; {v (1) }).
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